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Abstract—In this paper we give the generalized Boussinesq—Galerkin general solution of trans-
versely isotropic elasticity, as well as its simplified forms in two special cases. And we prove the
completeness of the Lekhnitskii-Hu—Nowacki solution and the Elliott-Lodge solution in such cases
that 53, 57 and s3 are possibly equal to each other. © 1998 Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

Due to the anisotropy of composite materials, the study of anisotropic elasticity is becoming
gradually important along with the wide use of composite materials. Transversely isotropic
material is a noticeable kind of anisotropic material. Several studies on transversely isotropic
elasticity have appeared so far, such as Lekhnitskii (1940, 1981), Hu (1953), Nowacki
(1954), Lodge (1955), Elliott (1948), Alexsandrov and Soloviev (1978), Ding and Xu
(1988), Horgan and Simmonds (1991) and Fabrikant (1996).

It is the purpose of this paper to continue our previous work Wang and Wang (1995).
In Section 2, for transversely isotropic elasticity we will give a new kind of general solution,
which is similar in form to the Boussinesq—Galerkin general solution of isotropic elasticity
and which will be called generalized B-G solution. In Section 3, we will derive the simplified
forms of generalized B-G solutions in two special cases, in which the first one corresponds
to the condition 6 = 0 in Wang et a/. (1994), and the solution in the second case can
degenerate into the B-G solution of isotropic elasticity. In Sections 4 and 5, we will extend
the theorems 5-7 in Wang and Wang (1995) to the cases that s3, 57 and s3 are possibly
equal to each other and give the proof of the completeness of the corresponding Lekhnitskii—
Hu-Nowacki solution (LHN) and Elliott-Lodge solution (E-L).

2. GENERALIZED B-G GENERAL SOLUTION

In a rectangular coordinate system (x,y,z) the generalized Hooke’s law of a trans-
versely isotropic body is

[ u ov ow o ow | o
O.“'=A115+A125+A13V6—2’ Tyz—A44 (a}'+62>’

ou ov ow ou ow
ﬁO'y=sza+A11’a;+A13“a;a T = Ays (5;*‘3)’ (H

= haed bkt o dv  du
GZ_A135X+A135)1+A33 0z’ L'nyzAsﬁ (;3}_*—5)’

where o, 0,,...,1,, are stress components, u, v, w the components of displacement, A4,
Ay, ..., Ags elastic constants and
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2A66 =1411—!‘112- (2)

The substitution of eqn (1) into equilibrium equations without body force yields the
operator equation in terms of the displacements.

Pu = 0, (3)

where u = (u, v, w)" (the superscript T denotes the transpose) and P is a 3 x 3 differential
operator matrix

A+o, 82 +a, 02 a; 0,0, o; 0,0,
P=| %88  A+a@+md 28,0 | @
o 0, 0, 38,0, oy Aoy 62
in which
d 0 P
ax_ax3 ay_ay: az_aza A_ax+ay, (5)
o =A12+A66 =ﬁ =A]3+A44 o =ﬁ (6)
] A66 ’ 2 A66, ’ A66 ’ ¢ A66 .

Assume that Q = [Q,] is the “adjoint matrix” of P and its components are

0 = (A+a, 0} +oy 02) (o, A+, 02)— o3 05 02,

05> = (A+o, 240, 02 (A +a, 82)—0d 82 02,

Q=0 = —0,0,V; 8, Oys

Qi3 =05 = —4,V5 6,0,

013 =03 = —053V% 5y 0.,

0s; = (1+a)V3(A+B32), (7a-f)

where § = (0/1 + o),

1 1
V(2)=A+ 7639 _2=a25 (8)
5o 5o
a2
V2= Atad?, a=2%"%B 9)
0y s

Consider the second-degree equation of 1/s*

1 1
(1+0£1)a2—4—(a§+a4+a]a4—a§)—2+a2(x4 =0, (10)
s s
whose two roots 1/s? and 1/s} are not negative reals, which has been proved by Lekhnitskii
(1981).

In Wang and Wang (1995) it is proved that for eqn (3), there is the following complete
solution
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u=Qo,

in which ® = (¢,, @,, ;)" and satisfies the equation

1
ViVivid = 0, V,2=A+—2622, i=0,1,2

Now we will rewrite the form of solution (11). Set

K =0 +ouo,V; o3,
Ky = Qs 40,2,V 05

Inserting (7a,b) into (13) and using eqns (10) and (12b), we can get

K, =K,, =(1 +O(1)O(2V%V§.

From (13) and (14) the first two expressions of solution (11) are changed into

J 0@, 0, %3
_ 292 2 vz
u= (1 +al)a2V]V2(p1 Ay dx |:V ( ax + ay + % s

0 5 09, o, &3
(1+0!1)052V VZ(PZ alaza [V <6x + Oy +0€|a2

while the third one of solution (11) is

0 6(01 a(pZ %3
_ 220 . — | V2 4 2
w=(1+4a;)ViViep; —as az[v <6x + 0y 061062
where
o0 + ol
Vi=A+b@?, b=
b + (4o oy
Let

2 005

3z

2 003

* 8z

0,
2
Vo Oz ]’

G, =1+, G =(14+0)a0,, G =(1-—u)e;.

Solutions (15) and (16) become

U= V%ngl — Li[v2 <6& + @)_*, %VZ@
a al

1+O(1 6X 0 aZ

e M i 5 _0_9_1_ G, , 0G,
b=ViV:G, 1+« 6y|:va(ax % oy oclv oz

ox ay

]
]

0 oG, 0G , 0G5

(1+4a,)a, 0z ox dy

in which G = (G, G,, G;)" and satisfies the equation

3285
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(12a,b)

(13)

(14

(15)

(16)

(17)

(18)

(19)
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ViViViG = 0. (20)

Thus, for transversely isotropic elasticity, there are the complete solutions (19) and (20),
which are called generalized B-G solutions and very similar to the B-G solution of isotropic
elasticity [see formula (45) of this paper].

If setting

a3

F=—
1+a

ViGs, (21)

eqn (19) may be rewritten as

—wvig Y 0, (06 9G OF
u=VivaG, 1+a, dx ”<6x + Jy ox 0y’
o 0 oG oG O*F
) = 2V2 ——1‘—»— 2 ___] _2 _
v=ViviG; I1+a, 0y “<6x oy dydz’
s 0,(%6, G I
W= (]+Ot1)062 5ZV0(0X + ay * A+ﬂazz F’ (22)

where

, 4o o
ViViIF=0, a0=——0, f=——.
o 1+e,

(23)

3. TWO SPECIAL FORMS OF GENERALIZED B-G GENERAL SOLUTION

Next we will deduce the simplified forms of generalized B-G general solution, respec-
tively, when s3 = s? and 53 = 57 = s3.

Case 1: 53 = st

Now (1/s3) = a, is one root of eqn (10). Inserting «, into the above-mentioned equa-
tion, we derive an expression of the relation among o, (i = 1,2, 3, 4)
al 4o a3 —oyo = 0. (24)
Using the condition (24) in eqn (9), we can get

a=a,, VI=V2=V2 (25a,b)

Moreover, considering the relation between roots and coeflicients of eqn (10) together with
eqns (9) and (17), we find

11
atb=—+—. (26)

From (25a), it turns out that
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1 oy
b=—=—"_— Vi=Vi @7
$3 (1o )oy

In eqns (19) and (20), setting B = V;(iG, +jG, +kG5) and inserting (25) and (27) into

them, we can obtain the following B-G type solution

b
u=ViB— 1 V,(V:°B),
ViViB = 0, (28)
where
P o3
V,=i0,+jo,+k——0,,
o0y
. . o3
V,;=18x+]6y+ka—62. 29
1
When s = s3, solutions (28) and (29) are also tenable.
If (6) is substituted into the condition (24), then it is observed that
(30)

(A13 +A44)2A66+(A12 +A66)A‘214 —(AIZ +A66)A33A66 = 0

The condition (30) and the solution (28) are exactly the condition (2.19) and the solution

(3.1) in Wang et al. (1994), respectively.
As a result, if the condition (24) is satisfied, eqn (3) can be changed into
31

Vgu+alvy(V§ 'u) = 0.

Using the same method as in Wang ez al. (1994), from eqn (31) we can also get the B-G
type solutions (28) and (29), as well as the following Papkovich—Neuber type solution

oy
u=P-— 5 _Hxl)V,,(PO +1y P),

ViP =0,
(32)

2Py = —1y V3P, 1y = ix+jytk—
ViPy = —1e'VIP, 1y =ix+jy+ ot Z.
1

Case2:s3 =53 = s%
In this case both a and b are equal to a,. Thus, from (9) and (17) it follows that
(33a,b)

oy = Fog oy, oy =(l+le)cx§.

[ %
o2 * T+a, (34

Since «, is one root of eqn (10), the roots of which are not negative reals, the negative
symbol in (34) should be omitted. Considering 1 4o, =(4,,/4e) > 0, we get

And then from (33b) we have
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(1)) = /ag(I+ay). (35)
In addition (33a) can be rewritten as
asta, = +a,(l+a;). (36)
The insertion of (35) into (36) yields
wta, = /o (1+a,). (37)
Again substituting (6) into (37), we get
Ay 4244, = A1 Ass, Ay = — /A, Ass. (38a,b)

Due to the positive definite of strain energy, 4,,4;; — A3, > 0. Therefore (38b) is incorrect,
i.e., the negative root in (33a) should be omitted, which implies

a3 = alaz. (39)
Thus, the general solutions (28) and (29) are changed into

25

—wvRp_ %1 .
u=V;B T V(Vs;*B),
ViViB =0, (40)
in which
V=id,+jo,+kd.,
Vs=1i0,+jé,+ka, 0,. (41)
Let

i= iu+jv+k\/;;w,
B = iB] +jB2 +k1 / azB3,

Vo =10,+j0,+k/2,8.. (42)
Then (40) becomes
i=VB— 2V, (V B
- 0 1+ . 0 [} E]
ViViB = 0. 43)

When the material is isotropic,

a 1
T l4a, 2(1—v)°

(44)

azzl

Hence, eqn (43) changes into
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V’B L V(V'B)
u= - *B),
2(1—v)

V2V’B = 0. (45)

This is the B—~G solution of isotropic elasticity.

4. COMPLETENESS OF THE LHN SOLUTION

First, it is easy to verify that G,, G, aﬁnd 93 in thﬂe generalized B—G solutions (19) and
(20) can be substituted by the following G|, G, and G;, respectively

G =G+ Ohs
1 = 1 3 ax az’
. P h,
G, =G+ 35);82’
G, = G+ (A+ Z—‘aj)m, (46a,b,¢)
2
where
V2V2Vih, = 0. 47)

Using the above-mentioned nonuniqueness of G;, G, and G,, Wang and Wang (1995)
has proved that if the elastic region is z-convex and s3, s and s} are not equal to each
other, the LHN solution

_FF
"= oxoz dy’
0'F  dd,
v= dy 0z + ox
14+a, oy
—_— 2 = —— =
w= a(A+ﬂaZ)F, a a3 » ﬂ 1+a1’
ViViF=0, Vi, =0, (48)

is complete. In this section we will further prove that if 53, 53 and s3, or two of which, are
equal, the LHN solution is also complete. For this purpose we begin with proof of the
following lemmas.

Lemma 1.
Assume the elastic region Q is z-convex and s3 = 57 = s3. Then there exists A; such
that

G, =GO +zGV+22G?, i=1,2, (49)

in which
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oGt | 9G¥ =0,1,2 50
6.x 6y = s Ly &y ( )
ViGYH =0, i=1,2; j=0,1,2 (51)

Proof. According to Lemma 4 of the Appendix, G, (i = 1, 2) can be expressed as

G =GO +2GV +22G®, i=1,2,
V2GY =0, i=1,2; j=0,1,2. (52a,b)

Similarly, we can suppose

hy = B 4 2hD 4 224D,
VZhO =0, j=0,1,2. (53a,b)

The insertion of (52a) and (53a) into (46a,b) yields
G =GV 426GV +22GP, i=1,2, (54)

where
GO = G +a, (h“) + am@)

(0
GV =GN +a, __(2},(2) oh ) i=1,2,

3 oh®
A2 . @
GY =GP +a;3— ox, bz (55)
in which (0/0x,) = (8/0x), (0/¢x,) = (0/Cy).
From eqns (55), (52b) and (53b) it follows that
ViGY =0, i=1,2; j=0,1,2. (56)
Again inserting (55) into (50), we obtain
8GY» oGP oGP oGP on®
o + 3 - ox + 2 +az A . =0, (57)
oG 0GY G | 0GY" @, Oh!
i + - ox + o +oz3A(h + az>——0, (58)
aG® G oG 0G(2°’ ™y oh®
o + 3y = ox + R A(h az>—0. (59)

From Lemma 2 in the Appendix, there

exists 2'®, which makes (57) reached and V24® = 0

exists 4", which makes (58) reached and VjA'" = 0,
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exists Y, which makes (59) reached and V3#©® = ¢. (60)

So the lemma is proved.

Lemma 2.
If the elastic region Q is z-convex, and two of sj s? and s2 are equal, we might as well
assume s; = 57 # 52, then there exists 4, such that

G =GO+26M+GP, i=1,2, 61)
where

3Gy 8GY

ax + ay —Os .]=09 1’2’
ViGP =0, j=0,1; i=1,2,
VIGD =0, i=1,2. (62)

From Lemma 5 of the Appendix we can set

hy = KO 4z D,
Vil =0, j=0,1; V3h® =0. (63)

In the similar way of the proof of Lemma 1, there exist A9, A" and A® such that (61) and
(62) are reached. The proof is omitted here.
Next, we come to prove the completeness of the LHN solution.

Theorem 1.
Assume the elastic region Q is z-convex. Then the LHN solution (48) is complete.
Proof. It is shown previously that in eqns (19) and (20), G,, G,, G; can be replaced by
G., G,, G, in eqn (46), respectively, i.e.

S AL ARy

1+a, dx 0x Oy 0 oz
_viveg 0 0 [0, (8G | 06y | %, 0G,
v=VivaG, 140, ay[v" <8x + dy +al 9z |
—vvs %3 ﬁ 2 @ 8_(?2 %, Za_é3 4
W= VoV, G (1 +o))o, az[v(’(@x + oy +oc,V° oz [ (©4)

in which G, (i = 1,2) are given by (49) or (61), G, by (46¢).
Let

AD = j GY dx—GY dy+ BV dz,

Xp

_ e PYes s Vel
BW =J aidx_ 1 dy+ s? <_ 063 + ! >dz, (65)

oz 0z / ox dy

Xp

where x, is some point of the region Q and x is any point of the region Q. Because of
conditions (50) and (51) or (62), the linear integral of eqn (65) is independent of routes. In
view of (65), we have
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DAY ) 0A )

GY = — 5 GY =——, j=012, (66)

VIAD =0, j=0,1,2. 67)
Set
A=A%4z4Y 1+ 724®, whensi = 5} = 53,
A=A 42401 4@ when s} = 5} # 52, (68)

Equations (67) and (68) lead to

ViVivid = 0. (69)
While from eqns (49) or (61), (66) and (68) we get

- 04 . 04
Gl—-—a‘;, G2=E (70)

Applying (70) and writing —[o;/(14+,)]V2G; as F in eqn (64), and then letting
¢o = ViV34, we arrive at the LHN solution (48).

Moreover, it can be verified that solution (48) satisfies eqn (3). Therefore, the LHN
solution is complete. Theorem 1 is proved.

When the material is isotropic, the introduction of (39) and (44) into (48) yields

_OF o
“= oxaz dy’
_PF 3,
v—éy('iz ox’
62
w=lE _s0_wwver
0z?
VF=0, V¢, =D0. a1

5. COMPLETENESS OF THE E-L SOLUTION

When s? and 52 are not equal to each other, Wang and Wang (1995) has proved the
completeness of the following E-L solution with the aid of the LHN solution (48)

0o
2) - a—yy

0,

ox

0
U= a(d)n +¢
_0
v= ay(¢1 + @)+
i,
w = E(kl(bl +k20,), (72)

where
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142, 1
k=24 M 12, Vi,=0, i=0,1,2 73)
*3 a; g2

1

and
klkz = 1. (74)

Next we will take the case of 57 = 5 into account.

Theorem 2.
Assume the elastic region Q is z-convex and s; = s}. Then the following solution is
complete

0 0,
u= a((lbl +2z¢,) — E,

0 0¢y
0= 5@+ 2,

0 x
W= (¢ +262)—2 (1+a—j)¢>2,
Vigi=0, i=12; Vig,=0. (75)

Proof. 1t is not difficult to verify that (75) satisfies eqn (3). So it is omitted. Now we
prove that any solution of eqn (3) can be expressed as (75).

First, when s = 53, the solution of eqn (3) can be rewritten as (48). And from Lemma
3 of the Appendix, we can resolve F in (48) in the form

F=fi+zf;, Vifi=0, i=12 (76a,b)
Set
L
@"ﬁ+af %“ar an

Then from (77) and (76b), there is
Vig;=0, i=1,2. (78)
After inserting (76a) into (48) and then using (77), we obtain the solution (75). So Theorem

2 is proved.
When the material is isotropic, (75) changes into

0 0o
u= é}(‘ﬁl +z¢,)— By

o= 2B+ B,
W= (61 +26:)—40 V)
V24, =0, i=0,1,2. (79)
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APPENDIX

If every line segment parallel to the z-axis lies entirely in Q whenever its end points belong to Q, we call such
a region € z-convex. In this Appendix we always assume that Q is z-convex.
First we take the Lemma 2 in the Appendix of Wang and Wang (1995) as Lemma 1 herein

Lemma 1.
If the region Q is z-convex and f satisfies.

Vf=0, inQ, (A1)
where s is not pure imaginary and
1
Vi=A+—02, (A2)
sZ
there exists 4 such that
VA =0,
A4 in Q, (A3)
ot

where k are positive integers.
Applying Lemma 1, we can prove the following several lemmas :

Lemma 2.
In the same conditions as in Lemma 1, there exists B such that

ViB=0,
OB inQ. (Ad)
==
The proof is omitted.
Lemma 3.
If A4 satisfies
VIVi4 =0, in Q, (AS5)

there exist A® and 4V such that
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A=A9 424",
{ in Q.
VIAY =0, j=0,1,
Proof. Let
B=V2A4.
Then
VIB=0.
According to Lemma 1, there exists 4 which satisfies
VAW =9,
A g2 in Q.
oz 78’
From (A7) and (A9) we have
2 34"
Vid = =—— = V}(z4A").
2 0z
Therefore,
Vi(Ad~zA") = 0.
Setting
A® = 4247,
then (A11) becomes
VIA® =0.
Equations (A12), (A13) and (A9a) together are the same as (A6).
The lemma is proved.
Lemma 4.
Assume
VIViVIA =0, inQ.
Then there exist 49, 4" and 4A® such that
A=AD 424V +224?,
{ in Q.
VAV =0, j=0,1,2,

Proof. Letting
B=V?4,
then
V2VIB=0.
According to Lemma 3, there exist B® and B which satisfy
B=B®4+zB0V, V2BV =0, j=0,1.

From Lemma 1 there exist A?, A", respectively, such that

3295

(A6)

(A7)

(A8)

(A9a,b)

(A10)

(AlD)

(Al12)

(A13)

(A14)

(A15)

(A16)

(ALT)

(Al8a,b)
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4 849
ST S B, VI4@ =, (Al9a,b)
s
2 94W 2
= B0 4®, VAV =0 (A20a,b)
ki s
Based on (A19) and (A20), we get
2)
VI AD) = 27240 4 - (ZA“) P I )
52 0z §
m
Vi(zA"Y = zViAD + 2047 =B® ~2-A‘2). (A21)
2 0z 5

By adding the two expressions of (A21) and using (A16) and (A18a)
VH(zAD +224®) = BO 4 zBM = B=V?4. (A22)
Setting
A® = 424D — 724D (A23)

and considering (A22) and (A23), we have

V24® = 0. (A24)
Equations (A23), (A24), (A20b) and (A19b) together are exactly (A15).

Thus, the lemma is proved.
Similarly, we have:

Lemma 5.
If

ViVivid=0, inQ, (A25)

then there exist 49, 4", 4@ such that

A=A 424V + 49,
{ inQ. (A26)
VIAV =0, j=0,1; V34® =0,
Proof. Let
B=V3A. (A27)
Then
ViVIB = 0. (A28)
According to Lemma 3, there exist B and B which satisfy
B=B"+zB", ViBY =0, j=0,1 (A29a,b)
From Lemma 1 there exist AV and 4%, respectively, such that
24
G _ l>__. — BO, VIO =g, (A30a,b)
3 s/ o
2 4(0) m
QL_l}"_A_=B(o)_ZQL’ VﬁA‘O) =0. (A3la,b)
2 52/ 09z 52 0z

Thus, we have
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2 0
VEA® = VI4O 4 (:l _ l)ﬂ(_) = B _ 2 aA(”,
2 53/ oz s 0z
2 94W
Vi(zAW) = V34D 4 — ——
§2 0z
2
1 1\824YM 2 640 2 94
=ZV(2)A“)+Z(:___> +573 =zB" 4+ ———.
I st ot 53 02 52 0z

Adding the two expressions of (A32) and using (A29a) and (A27), one yields
VHAD +240) = B 428V = B = V34,
Thus,
Vi(A—-A49—z4V) = 0.
Setting
AD = = A 74",
From (A34) and (A35), we get

VI4D = Q.

Equations (A35), (A31b), (A30b) and (A36) together are exactly (A26). The lemma is proved.

3297

(A32)

(A33)

(A34)

(A35)

(A36)



